The gossip problem (telephone problem) is an information dissemination problem in which each of n nodes of a communication network has a unique piece of information that must be transmitted to all the other nodes using two-way communications (telephone calls) between the pairs of nodes. During a call between the given two nodes, they exchange the whole information known to them at that moment. In this paper we investigate the k-fault-tolerant gossip problem, which is a generalization of the gossip problem, where at most k arbitrary faults of calls are allowed. The problem is to find the minimal number of calls τ (n, k) needed to guarantee the k-faulttolerance. We construct two classes of k-fault-tolerant gossip schemes (sequences of calls) and found two upper bounds of τ (n, k), which improve the previously known results. The first upper bound for general even n is τ (n, k) ≤ 1 2 n ⌈log 2 n⌉ + 1 2 nk. This result is used to obtain the upper bound for general odd n. From the expressions for the second upper bound it follows that τ (n, k) ≤ 2 3 nk + O(n) for large n. Assuming that the calls can take place simultaneously, it is also of interest to find k-fault-tolerant gossip schemes, which can spread the full information in minimal time. For even n we showed that the minimal time is T (n, k) = ⌈log 2 n⌉ + k.
S. Silverman (Univ. of Witwatersrand, unpublished, 1970) . Consider a set of n persons (nodes) each of which initially knows some unique piece of information that is unknown to the others, and they can make a sequence of telephone calls to spread the information.
During a call between the given two nodes, they exchange the whole information known to them at that moment. The problem is to find a sequence of calls with minimum length (minimal gossip scheme), by which all the nodes will know all pieces of the information. It has been shown in numerous works [1] [2] [3] [4] that the minimal number of calls is 2n − 4 when n ≥ 4 and 0, 1, 3 for n = 1, 2, 3, respectively. Since then many variations of gossip problem have been introduced and investigated (see ex. [5] [6] [7] [8] [9] [10] ).
One of the natural generalizations of this problem is the k-fault-tolerant gossip problem, which assumes that some of the calls in the call sequence can fail (do not take place) [11] [12] [13] [14] . The nodes cannot change the sequence of their future calls depending on the current failed calls. Here the aim is to find a minimal gossip scheme, which guarantees the full exchange of the information in the case of at most k arbitrary fails, regardless of which the calls failed. The gossip schemes, which provide k-fault-tolerance, are called k-fault-tolerant gossip schemes. Denote the minimal number of calls in the k-fault-tolerant minimal gossip scheme by τ (n, k).
Berman and Hawrylycz [12] obtained the lower and upper bounds for τ (n, k):
for k ≤ n − 2, and
for k ≥ n − 2.
Afterwards, Hadded, Roy and Schaffer [13] proved that
where p is any integer between 1 and log 2 n inclusive. By choosing p appropriately, this result improves the upper bounds obtained by Berman and Hawrylycz for almost all k. Particularly, by choosing p = log 2 n 2 , the following bound is obtained: τ (n, k) ≤ nk 2
+ O(k √ n + n log 2 n).
For the special case when n = 2 p for some integer p, Haddad, Roy, and Schaffer [13] also showed that τ (n, k) ≤ min k + 1 log 2 n + 1 n log 2 n 2 , k + 1 log 2 n + 1 n log 2 n 2 + ((k + 1) mod log 2 n) (2n − 4) .
+ O(n log 2 n), when n is a power of 2.
Later on, Hou and Shigeno [11] showed that
Thus, it holds that
. These bounds improve the previous bounds for small n and sufficiently large k.
Recently, Hasunuma and Nagamochi [14] showed that
, if n is a power of 2
, otherwise, (1.6) and 3n − 5 2
From their results, it holds that τ (n, k) ≤ 
where p is any integer between 1 and log 2 n inclusive.
In this paper we construct two classes of k-fault-tolerant gossip schemes based on Knödel graphs [7] and a wheel graph, which improve the previously known results on the upper bound for the number of calls. The obtained expressions for general n and k are (see Theorems 2, 3, 4) .
(1.11) for even n. Particularly, for large n we have
Assuming that the calls between non-overlapping pairs of nodes can take place simultaneously, it is also of interest to find k-fault-tolerant gossip schemes, which spread the full information in minimal time. For even n we showed that the minimal time is
II. PRELIMINARIES
A gossip scheme (a sequence of calls between n nodes) can be represented by an undirected edge-labeled graph G = (V, E) with n vertices (|V | ≡ |V (G)| = n). The vertices and edges of G represent correspondingly the nodes and the calls between the pairs of nodes of a gossip scheme. Such graphs may have multiple edges, but not self loops. An edge-labeling of G is a mapping t G : E(G) → Z + . The label t G (e) of the given edge e ∈ E(G) represents the moment of the time, when the corresponding call is occurred. To describe the construction of k-fault-tolerant gossip graphs (schemes), we use some important definitions and propositions given in the works [13, 14] . First of all, in order to simplify the discussion for edge-disjoint paths, we often omit the vertices (or edges) in the description of a path if there is no confusion.
Definition 2. Let P = (e 1 , e 2 , . . . , e k ) be a path with edges e i ∈ E(G) for 1 ≤ i ≤ k in a labeled graph G. If P is divided into s+1 subpaths P (1) = (e 1 , . . . , e p 1 ), P (2) = (e p 1 +1 , . . . , e p 2 ),
. . . , P (s+1) = (e ps+1 , . . . , e k ), then we write
, where ⊙ is the concatenation operation on two paths for which the last vertex of one path is the first vertex of the other. If
is an ascending path for
is not an ascending path for 1 ≤ j ≤ s, then P is an s-folded ascending path in G. For an s-folded ascending path P , the folded number of P is defined to be s.
with the same set of vertices V and labeled edge sets E 1 and E 2 , respectively. The edge sum of these graphs is
whose edges e ∈ E are labeled by the following rules:
The edge sum
Note that the labels of the edges in E i (hG) are greater than the corresponding edges in E(G) by
. Given a subset of edges A ⊆ E(G), denote its copy in the set E i (hG)
by A i . By this analogy, a path P in G as a subset of E(G) has a copy in E i (hG), which we denote by P i .
be an s-folded ascending path from a vertex u to a vertex v in G, where P (j) is an ascending subpath for 1 ≤ j ≤ s + 1. Then, P i is also an s-folded ascending path and
we can construct (h − s) edge-disjoint ascending paths from u to v in hG. Similarly, based on another s-folded ascending path P ′ from u to v, we can construct (h − s) edge-disjoint
then all the paths P (1), . . . , P (h − s) and P ′ (1), . . . , P ′ (h − s) are pairwise edge-disjoint by construction. Therefore, the following lemma holds (see the works [13] and [14] ). ⌉ G. Thus, the following corollary is obtained (see [13] ).
Corollary. Let G be a graph with n vertices and m edges. If there are p edgedisjoint s-folded ascending paths between every pair of vertices in a labeled graph G, then
In order to improve this estimation of the upper bound, a stronger proposition is formulated and proved in [14] .
Theorem 1. Let G be a labeled graph with n vertices. Suppose that
• for any two vertices u and v, there are p edge-disjoint paths from u to v such that the sum of their folded numbers is at most q, and the last edges of r i paths are in
Then, the minimal number of edges in a k-fault-tolerant gossip graph is bounded
with ξ(n, k) defined by the expression
where w is an integer satisfying
During the proof, the graph
constructed, and showed that it is a k-fault-tolerant gossip graph. The number of edges of
In the next two sections we construct two classes of labeled graphs and apply Theorem 1 to improve the known estimations of the upper bounds for τ (n, k).
III. THE k-FAULT-TOLERANT GOSSIP GRAPHS BASED ON KNÖDEL GRAPHS
The family of Knödel graphs [7] is defined as follows:
Definition 4. The Knödel graph on n ≥ 2 vertices (n even) and of degree ∆ ≥ 1 is denoted by W ∆,n . The vertices of W ∆,n are the pairs (i, j) with i = 1, 2 and 0 ≤ j ≤ n/2 − 1. For every j, 0 ≤ j ≤ n/2 − 1 and l = 1, . . . , ∆, there is an edge with the label l between the vertex (1, j) and (2, (j + 2 l−1 − 1) mod n/2).
An example of Knödel graph is shown in Fig.1 . Note that W 1,n consists of n/2 disconnected edges. For ∆ ≥ 2, W ∆,n is connected. Definition 5. The interval between two vertices (α, β) and (γ, δ) in the Knödel graph W ⌊log 2 n⌋,n is defined to be Given two arbitrary vertices (α, β) and (γ, δ) in the Knödel graph W ⌊log 2 n⌋,n , the ascending path from vertex (γ, δ) to (α, β) exists only if
The explicit expression for the ascending path from vertex (γ, δ) to (α, β) is described via three sequences {a i }, {b i } and {f i } defined recursively by the following way:
3) 
(3.6)
The sequences {a i }, {b i } and {f i } stop on the minimal index i = L, for which a L = γ β) ) is the ascending path from vertex (γ, δ) to the vertex (α, β). For example, the ascending path from the vertex (2, 2) to
where the numbers on arrows are the labels of the corresponding edges. In Fig.2 the edge sum of two Knödel graphs W 3,10 + W 1,10 is shown.
Lemma 2. The graph W ⌊log 2 n⌋, n + W 1,n is a gossip graph (n is even). Moreover, if n is a power of 2, then W log 2 n, n is already a gossip graph.
Proof. Consider the graph G = W ∆,n + W 1,n with any n and ∆. Let us fix an arbitrary vertex (1, β) ∈ G, 0 ≤ β ≤ n/2 − 1. The set of vertices from which there are ascending paths in W ∆,n to the vertex (1, β) is
Similarly, the set of vertices from which there are ascending paths in W ∆,n to a vertex
If n is a power of 2 (n = 2 m ), for ∆ = m ≡ log 2 n we have
Therefore, W log 2 n,n is a gossip graph.
For the case, when n = 2 m , the addition of the graph W 1,n to the graph W ∆,n connects the vertices (1, β) and (2, β) with a new edge with a label ∆ + 1. This label is bigger than the labels in W ∆,n (by construction), therefore this edge (call) exchanges the full information of the nodes (1, β) and (2, β) collected during the calls in W ∆,n . Therefore, after all calls the pieces of information known by nodes (1, β) and (2, β) coincide and are nothing but the following union of sets:
Note that, for ∆ = ⌊log 2 n⌋, V β = V (G) for any β. Therefore, W ⌊log 2 n⌋,n + W 1,n is a gossip graph.
Consider the problem to find the minimal number of calls τ (n, k) in a k-fault-tolerant gossip scheme with n nodes. For the special case, when n is a power of 2 (n = 2 m ) Hasunuma and Nagamochi [14] constructed k-fault-tolerant gossip graphs based on hypercubes and
Now we will generalize this result for general n. The following lemma is an important step towards achieving this goal. Some details of the proof are skipped to make the text not too overloaded and formal, but all important properties and all possible cases are considered in detail.
Lemma 3. Consider two arbitrary vertices (α, β) and (γ, δ) in the Knödel graph W ⌊log 2 n⌋,n with α, γ = 1, 2; β, δ = 0, 1, 2, . . . , n/2 − 1. There are p = ⌊log 2 n⌋ edge-disjoint folded ascending paths from the vertex (γ, δ) to the vertex (α, β) and the sum of their folded numbers is at most q = ⌊log 2 n⌋.
Proof. Since the graph W ⌊log 2 n⌋,n is symmetric, then without loss of generality it is enough to consider the vertex (α, β) = (1, 0). Consider the following pairwise non-intersecting sets of vertices
From (3.2) it follows that there exist an ascending path from every vertex in V (∆), 1 ≤ ∆ ≤ ⌊log 2 n⌋ to the vertex (1, 0), which is described by Eqs. (3.3) -(3.7) . Moreover, all endpoints of the edges of this path except the last vertex of the last edge, which is the vertex (1, 0), are in V (∆).
Consider the case n = 2 m − 2. It can be verified that there exists an ascending path or a 1-folded ascending path from the vertex (γ, δ) to the one of the vertices in V (∆) for any
Therefore, there are ⌊log 2 n⌋ folded ascending paths from (γ, δ) to (1, 0) with folded numbers that can be 0, 1 or 2. It can be proved that these paths are edge-disjoint.
Depending on the given vertex (γ, δ) there are 2 possible cases: to (1, 0). On the other hand, there is an ascending path started from the given vertex (γ, δ), whose single edge has a label ⌊log 2 n⌋ and finishes outside of any V (∆), (1 ≤ ∆ ≤ ⌊log 2 n⌋).
Therefore, the folding number of a folded ascending path containing this path is 2. The remaining folded ascending paths from (γ, δ) to (1, 0) are similar as in the Case 1 and are 1-folded. Therefore, the sum of folded numbers of all folded ascending paths from (γ, δ) to
For n = 2 m −2 the sum of folded numbers of all folded ascending paths from some vertices (γ, δ) to (1, 0) is ⌊log 2 n⌋ − 1, but for these graphs also we have q = ⌊log 2 n⌋.
Theorem 2. The minimal number of calls (edges) in a k-fault-tolerant gossip graphs satisfies the inequality
Proof. From (3.12) it follows that it is enough to consider the case, when n is not a power of 2 (n = 2 m ). First, assume that n is even. To construct a k-fault-tolerant gossip graph we simply take the graph G = W ⌊log 2 n⌋,n and apply Theorem 1. The edge set E(G) of G is divided into the following l = ⌊log 2 n⌋ subsets:
where
The number of edges in
vertex in G has ⌊log 2 n⌋ incident edges with one edge in each of the sets F (i) for i = 0, 1, 2, . . . , ⌊log 2 n⌋ − 1. In Lemma 3 it is shown that for any two vertices (α, β) and (γ, δ) with α, β = 1, 2; γ, δ = 0, 1, 2, . . . , n/2 − 1, there are p = ⌊log 2 n⌋ edge-disjoint folded ascending paths from the vertex (γ, δ) to the vertex (α, β) and the sum of their folded numbers is at most q = ⌊log 2 n⌋. Therefore, r i = 1 for any i = 0, 1, 2, . . . , ⌊log 2 n⌋ − 1, and w is any integer satisfying the inequality w ≥ k + q. From this result, the minimal value of
which proves the theorem for even n.
For the case when n is odd, we take the above constructed k-fault-tolerant gossip graph with n − 1 vertices with one additional vertex v. Denote this graph G ′ = (V, E ′ ). Now consider a graph G ′′ = (V, E ′′ ) with vertex set V and edge set E ′′ consisting of one edge, which connects the vertex v to one of the remaining n − 1 vertices, say the vertex (1, 0) .
Consider the graph
Here, the vertices v and (1, 0) make k + 1 calls, then the vertices in V \{v} make calls corresponding to G ′ , and then the vertices v and (1, 0) make k + 1 additional calls. It is easy to see that G is a k-fault-tolerant gossip graph. Therefore, for odd n, we have
, from which we obtain 
with
2)
3)
In Fig.3 the wheel graph G for n = 11 vertices is shown. Now we are going to apply Theorem 1 to this graph. First, for all the pairs of vertices in G, we construct 3 edge-disjoint folded ascending paths from the first vertex to the second vertex. For i, j = 1, 2, . . . , k and Fig.4 for illustration) we have
The edge-disjoint folded ascending paths for j = i − 1, i, i + 1, i + 2 are shorter. They have less or equal folded numbers, and are easier to construct. Therefore we do not give them to avoid the artificial growth of the text. Finally, we have
from which we obtain w ≥ k + 3 and the minimal value of ξ(n, k) is
(4.9)
Therefore, from Theorem 1 the following theorem holds.
Theorem 3. The minimal number of calls τ (n, k) in a k-fault-tolerant gossip graph with an odd number of vertices n satisfies the inequality τ (n, k) ≤ ξ(n, k), where ξ(n, k) is defined by (4.9).
For even n, we modify the wheel graph by adding a new vertex u ′ and transforming the edge set to the following expression 
